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A generalized inverse technique is applied to retrieve two types of balanced winds
that characterize the large-scale dynamics of the atmosphere: rotational winds based
upon the linear balance equation and divergent winds based upon the vorticity bud-
get equation. Both balance equations are singular at or near the equator. The balance
equations are transformed in spherical harmonic function space to an underdeter-
mined system, for which the scale-weighted, least-squares solution consists of a
sum of principal and singular components. The principal components represent the
response to the source function for the regular eigenmodes, while the singular com-
ponents are determined by the projection of an independent measurement on the
singular eigenmodes. The method was tested with the NCEP/NCAR reanalysis data
in which a quasi-balance condition exists. A realistic balanced wind field is retriev-
able when the singular components are computed based upon the reanalyzed wind
data. (© 2001 Academic Press

Key Wordslinear balance equation; vorticity budget equatigrproblem; tropi-
cal singularities; generalized inversion; pseudo inversion; minimum-length solution;
constrained linear inversion; similarity transformation.

1. INTRODUCTION

The linear balance equation (LBE) describes the geostrophic relationship between v
and mass in a general form that properly accounts for the latitudinal variation of the Coric
parameter. The balanced mass field in terms of geopotential hegighthe globe can be
easily obtained by solving the Poisson equation with advection of the planetary vortic
as a source. However, the solutions for the rotational stream funatioare not obvious
because the Coriolis parameter vanishes at the equator, leading to singularities. Ee
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studies on the spectral LBE fgr by Eliasen and Machenhauer [1], Merilees [2], Baer [3],
Wiin-Nielsen [4], and Daley [5, 6] showed various degrees of singularity effects in eith
the spectral domain or physical space.

In the early evolution of numerical weather prediction, the linear balance equation
sumed penultimate status (next to the nonlinear balanced model) in the hierarchy of
filtered models (e.g., Haltiner and Williams [7]). Difficulties in ensuring a balance cond
tion and obtaining a nonsingular balanced wind field in the tropics may have contribu
to its losing popularity since the 1970s. However, a geostrophic height-wind relations
is still incorporated in the state-of-the-art data assimilation systems during the increm
analysis procedure (e.g., Schubetral. [8] and Kalnayet al.[9]). Since a final analysis is
made up of an analyzed increment and a first-guess field obtained from a previous inte
tion of a general circulation model, one can at most expect a quasi-linear balance condi
to exist in the assimilated data. It would be diagnostically useful to retrieve the balanc
wind from the reanalysis data if such a condition exists.

Similar numerical difficulties arise when divergent winds are retrieved on the basis of 1
vorticity budget equation, known as tlyeproblem (Sardeshmukh and Hoskins [10].) The
balancey equation (see Eq. (5) of [10]) is formally identical to the linear balaheguation,
provided that all the higher order terms are treated as known variables. Like the LE
the difficulties in solving g¢ problem lie in how to circumvent the tropical singularities,
assuming that a balance in the vorticity budget exists. Sardeshmukh and Hoskins [10] arc
thattheir numerical method does not “see the equator very clearly, hence there is no diffic
in obtaining the solution even slightly off the equator.” In reality, the solutions so obtaine
e.g., Sardeshmukh [11] and Sardeshmukh and Liebmann [12], resulted in a relatively I
residual in the vorticity budget calculations near the equator. No explanation was giver
to the source and implication of this residual. Mo and Rasmusson [13] also noted that
solution near the equator is particularly sensitive to errors in the source function. If using
solution of they problem to estimate the diabatic heating in the tropics (Newshah[14])
is to provide meaningful information, a reliable numerical scheme must first be develog
and its numerical properties understood.

The purpose of this paper is to document a potentially powerful inverse technique that
have developed to retrieve the two types of balanced winds mentioned above. The proto
of the technique is applied directly to retrieve the balanced rotational winds (or vorticity
The technique is then employed to retrieve the balanced divergent winds (or divergence
a functionally iterative manner.

In deriving the spectral LBE, one must deal with the issue that the determinacy of 1
equation system depends upon how the spectral coefficients are truncated. All the prev
works have been based upon certain types of truncations. For example, a fully determ
systemwas constructed by assuming equal numbers of symmetric and antisymmetric mc
An overdetermined system was constructed (Baer [3]) by assuming tisatepresented
by the antisymmetric modes agds represented by the symmetric modes with one mod
more thany . In the inverse technique to be described, we will construct an underdetermir
system with proper truncations at the end modes. We have developed a unified methoda
suitable for all types of truncations, thereby not only recovering the classical results
also demonstrating a systematic way of improving the retrievals.

In Section 2, the mathematical background for the present study will be reviewed w
emphasis placed on the interrelation between the least-squares systems that are to |
verted, and their original spectral equation systems which can be either fully determii
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(FD), underdetermined (UD), or overdetermined (OD). These three types of linear syst:
will be solved as a generalized inverse problem.

In Section 3 we will present results from actual calculations using the data produc
by the NCEP/NCAR reanalysis project (Kalnaal.[9]). In particular, we will compare
results from different types of truncations, showing the effects of tropical singularities
the retrievedy field. We will also present examples of the divergence retrievals using tl
same data source.

In Section 4, several issues concerning the tropical singularity and the numerical pr
erties of our present method and Sardeshmukh—Liebmann’s scheme will be discussec
conclude that both balance equations are better treated as an inverse problem if physi
meaningful retrievals are to be obtained.

2. THEORETICAL BACKGROUND

2.1. The Spectral LBE and Its Kernel Systems

Let the linear balance equation be written as
VouVy =Vip=q ()]

or

uV3 + (1 — pday/op = V3¢ =q, (2

whereg is the geopotential height andthe stream function, which is related to the vertical
component of the vorticity

¢ = V. ®)

Both dependent variables are nondimensionalized by the earth’s ragdiuste of rota-
tion, and gravity. We use surface spherical coordinataady for longitude and latitude,
respectively, ange = sing. Notice that the right-hand side of Eq. (1) or Eq. (2) is denote
by a simple scalar functiog which, in sigma coordinates, consists of a surface pressu
term.

Upon expanding the dependent variables in a series of spherical harmonic functi

r'r?ﬂ exp(ima), and utilizing the recursion relationships for the associated Legendre po
nomials, we obtain the following spectral LBE which is equivalent to that of Eliasen ar
Machenhauer [1]

bj-1¢j-1 + @j418j4+1 = 0, )
¢ = —Civy, ®)
where
aj =ap,; =M+ ]j+Lm+j—Deq,;/c, ©
by =0, =M+ M+ j +2el, .1/, (7

Cj=ch. =M+ M+ +1)/re%, ®)
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with e, ; = [(m+ j)* — m?]Y2[4(m + j)? — 1]-2. Here,m denotes the longitudinal
wave number andn + j denotes the order of the Legendre polynomial (or the ording
wave number).

The coefficient matrices associated with the linear system (4) fomaaye hereafter
called the “kernel” matrices of the spectral LBE and are denote# bizet the spectral
coefficients be partitioned into symmetric (even) and antisymmetric (odd) compo}geﬁts:
(o, &2, 24y .. ), Ea = ({1, &3, G5, . . .), €tc. As indicated in (4), there is a parity relationship
betweert (ory) andq (or ¢); namely,ZS and, are determined b, andds, respectively.
Thus for eachm the spectral LBE is solved by two independent kernel systehgég =
Ga and Kafa = §s. Depending upon truncations, the kernel matrix systems may be ful
determined, overdetermined, or underdetermined.

2.2. Least-Squares Formulations

The standard procedure for obtaining the least-squares solution of a given kernel sys
K¢ =G, is to solve the corresponding normal equation

KTKZ = KTg, 9)

whereK T is the transpose df .
Upon multiplying thejth equation in (9) byc; for all j, we obtain the scale-weighted
normal equations as

KTK¢ = KTg, (10)

whereKT = KC, C = [c;4 ;] is a diagonal matrix and; is the Kronecker delta.

One can arbitrarily transform the normal equation by multiplying the individual equatiol
in the equation system by an arbitrary powecpfThe solutions will be identical when the
kernel is either FD or OD. In the UD cases, however, the solutions are generally differe
We will show that the results of retrieving rotational winds from (10) are more realistic th:
from (9), presumably due to its scale selectivity.

The least-squares formulations can be alternatively derived based upon a variati
analysis of the equation residual. As described in Appendix A, the most crucial step of
derivation occurs when the dependent variables are expressed in a truncated series, \
varies with the type of truncation chosen.

2.3. Fully Determined Systems

To obtain a FD system for the nonzonai & 0, called “eddy” in meteorology), and
Ls as in Daley [5], the truncation limi§ must be an odd number; i.e., the numbers of
symmetric and antisymmetric modes are equal, hereafter called even truncation (ET
is easy to show that in the two kernel systengfs = G, and KaEa = Gs, Ks is an upper
bidiagonal matrix, whileK; is a lower bidiagonal matrix. Hence the solution fgrcan
be obtained by backward substitution and fgiby forward substitution. Note that in the
course of direct substitution (called the recurrence method in the literature), the end-m
conditions¢_; = ¢3,1 = 0 are assumed.

In the case ofn = 0, however, the truncation must be ended with an additional syn
metric mode, hence called odd truncation (OT), in order for the systems to be F
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becausey = by = o = Yo = {o = 0. It is easy to show that the kernel matrices for the
symmetric/antisymmetric zonal components are lower/upper bidiagonal; hence the forw
backward substitution shall be taken to solve the systems, assuming the starting ve
Zo = 0 andZong: = O, respectively. However, the end resultgefor 1) from the back-
ward substitution is exactly equal to the product of mean geostrophic angular momen
and a known constant. This is why Eliasen and Machenhauer [1] used an estimate of n
geostrophic angular momentum as the starting valug fdr the forward substitution.

In the above analyses, the end-mode conditigng = ¢>n1 = 0 are assumed for the
backward substitution, but no assumptions are needed for the higher even modes, £.9.,
and ¢;,4. However, those higher even modes can be resolved by extending the forw
substitution beyond the “source range,” i.e., whgre= 0. This results in an “energy spill”
into the “inertial range,” a phenomenon known as “non-terminating energy spectrum”
Merilees [2] and Baer [3], which better depicts the singular behavior (in analogy to a de
function versus a white spectrum) at the equator.

We will only use the forward/backward substitution to interpret the numerical properti
associated with the FD systems. It is clear that all the direct methods, including the o
used by Daley [5], are equivalent when the kernel matrix is fully determined.

2.4. Overdetermined Systems

When the truncation is odd, the kernel systems for the nonzgreke overdetermined
if the end-mode conditiong, ; = 3,1 = 0, are assumed. Thi&, ¢, = Gs is

a

Go
b]_ az . . ?- 02
3
bs as . ; = G |- (11)
bs apn-1 ° Je
$on-1 Uon

bon—1

Similarly, when the even truncation is used to solve for the zémak 0)s, the resulting
kernel systems are overdetermined.

The end-mode conditions assumed in the OD systems ensure no energy spill intc
inertial range as occurred in the FD systems. However, in order to satisfy simultaneot
the two end conditiong, 1 = ¢3.1 = 0, the spectral LBE can only be approximated in leas
squares. This is analogous to the kinematic adjustment of the vertical velocity profile us
the continuity equation (O’Brien [15]) when both the upper and lower boundary conditio
are constrained.

Following the procedure described in Section 2.2, the resulting least-squares OD sys
for the nonzonat; is

K;KaZa = K;—(js, (12)
or
ajbj 262 + (af +bf)¢j + aj42bj¢j12 = (@ Gj-1 + bjgj 1), (13)

wherej =1,3,...,2N — 1, and{zngy = 0.
Note that the last diagonal element I6f K, can be approximated bya2 when J =
2N — 1is large, while it equals ta in a least-squares FD system. Therefore, the smalle
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eigenvalue for the OD system is considerably larger than the FD counterpart and i
expected that the response to tropical singularities by the OD systems will be weaker t
that by the FD systems.

2.5. Underdetermined Systems

When the truncation is odd, the kernel systems for the nonzgnate obtained by
dropping the last equation of a fully determined systégs = Ga; i.€.,

bo a . . Z:Z (o}
bg a . & = a3 . (14)
bon—2  aon O2N-1
$on

Similarly, one obtains an UD kernel system for the zonaln an even truncation. The
above described two UD systems are mandatory due to the chosen truncations. How
other UD systems can be formulated if deemed useful.

We consider an UD system for solving the nonzapalt results from dropping the first
equation from a fully determined systemfa = (s i.e.,

b1 ag . . & 07]
bsy a5 . z:: =| g |, form=0. (15)
b a; £ gj-1

Essentially, UD systems arise from the consideration that the spectral LBE excludes
two end-mode conditions usually assumed in either a FD or an OD system.

The standard procedure for solving an UD system is based upon the least-squares apf
mations discussed in Section 2.2. However, it is important to note that the least-squares
system is ill posed as one of the eigenvalues in the matrix system is zero. Therefore
solutions will not be unique.

2.6. Minimum-Length Solutions (MLS)

Two of the most frequently used inverse techniques for solving a least-squares UD sys
are constrained linear inversion (CLI) and singular value decomposition (SVD). They att:
a solution by either suppressing or omitting the presence of the singular eigenmodes
exist in a least-squares system.

The CLI (see Appendix A) includes a diffusion term in a least-squares system a:
stabilizing factor; i.e.(KTK + yI)E = KTg, wherel is the identity matrix. Note that the
eigenvectors oK TK + y | are those oK TK but the eigenvalues are each incrementec
by y. When a smaly is included the singular eigenvalues are greatly increased (relative
speaking) thereby reducing the singular calculations, but the others are not greatly alte
leaving the main part of the solutions relatively unchanged. Twomey [16] described a pc
facto method for selecting the factor when the numerical method for solving a linear
system does not require calculations of eigenvalues.

The procedure of SVD generally requires calculations of eigenvalues. However, when
linear systems are “inverted” all the reciprocals of zero eigenvalues are set to zero resul
in a minimum-length solution (e.g., Noble and Daniel [17]). In fact, we have verified th
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the solutions from the SVD are practically identical with those from the CLI whes
appropriately chosen. Tribbia and Madden [18] applied the SVD technique to solve
Fourier transformed LBE in computing stationary Rossby wave amplitudes.

The justification for taking a MLS is usually based upon the notion that singular eige
modes are the cause of computational instability and, hence, must be completely suppre
In reality, the contributions from singular eigenmodes are arbitrary. Whether a MLS is ¢
sirable would depend on the nature of the problem and how the least-squares syste
formulated. We will show later that a realistic retrieval of vorticity is attainable from th
MLS of a scale-weighted normal equation (10). However, we have not succeeded in obt
ing a realistic retrieval of divergence by taking the MLS of a similarly derived least-squat
problem.

2.7. Similarity Transformation

Let either one of the proposed least-squares systems (9) or (10) fomdsectenoted as
AX = Y. Suppose that the eigenvaluesfodire(Lg, A1, Ao, ..., A3) and the corresponding
set of eigenvectorgey, &y, ...&;) are stored columnwise in the modal matéx Then
E-1AE = [4i8ij], where§;; is the Kronecker delta, anB~! is the inverse ofE. The
similarity transformation method (e.g., Hildebrand [19]) inverts the least-squares syster

X = E{[x18;]E"1Y}. (16)

Basically, the procedure of inversion consists of a linear combination of the eigenmo
with the coefficients determined by the projections of the source function weighted by
reciprocals of the corresponding eigenvalues. We used Linear Algebra Package (e-
lapak@cs.utk.edu for more information) for the required calculations of the eigenvalt
and eigenvectors (both left and right).

Note that each eigenfunction has as many zeros as the assumed truncatidrnimit
As the eigenvalue increases the locations of the highest peaks shift progressively tov
the poles. When the kernel is UD the smallest eigenvalis zero and the corresponding
eigenvectok, is peaked at (when even) or near (when odd) the equator.

The inverse formula defined in (16) can be carried out freely when the kernel syster
either FD or OD. When the kernel system is UD the formula is invalid because one of
eigenvalues for eaah is zero. Surprisingly, the projections of the source function, in term
of y, on the singular eigenmodes are also found to be zero within the same computati
tolerance of obtaining the zero eigenvalues; hence the results are undefined. We shall
fully implement the similarity transformation method when solving for a least-squares L
system so that the nonunique nature of the problem is retained.

2.8. Generalized (Pseudo) Inverses

With all the generalities included, the inverse of the spectral linear balance equation
be formulated as

N

J
=358 + 0. (17)
i=1
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The first term in (17) contains the so-called principal components, and the second teri
called the singular component. The coefficiesjtassociated with the principal components
are computed as the projections of the source vé%:f@ron &; in accordance to the formula
(16). The coefficienty associated with the singular eigenveddgiis zero if the kernel is
either FD or OD, and undefined when the kernel is UD.

When the kernel is UDgy; must be determined on the basis of other constraints. F
example,s is zero if the retrievals are constrained to have a minimum length. When
independent set of measurements or estimates of the retrieving variable are available
standard approach of incorporating this information is to formulate a bias constraint (e
O’Brien [15], Twomey [16]) in a variational analysis that minimizes thata misfit or
relative length of the retrieving variable.

We employ the bias constrained linear inversion method in such a way that we minim
the square difference between the retrievals and independent measursolelytsn the
singular components. It is easy to show that the minimum occurs at

S0 = (£*, &), (18)

i.e., as the projection of the independent measurenienh the singular eigenvector for
eachm. Note that including a nonzero singular component will not change the residt
of the kernel system. However, it may result in a pseudo-residual (discussed later) an
increase in the retrieval’s variance which is bounded by the independent measurement
Here, we takef* from the NCEP/NCAR reanalysis for the vorticity retrievals. In the
case of divergence retrievals described next the reanalysis diver@tevmld replacgt*
in computing the singular components. The chosen data are well suited to illustrate t
the present inverse method works particularly when comparing the results from differ
truncations and numerical schemes.

2.9. Application for the Divergence Retrievals

The aforementioned inverse method for vorticity retrievals can be applied to retrievin
divergence based upon theproblem in a functional iterative manner

VouVy ™ =qW =B -v.cvy®, (19)

where B stands for the sum of all tendency terms in the vorticity budget equation, al
(n) denotes the iteration steps. Analogous to (3), the velocity potentimkelated to the
divergence’ by V2y = §.

The convergence rate of the iterationg! > — §M™)|2/|6M™ |2, varies with the chosen
resolution and type of truncation that affect the tropical singularities and with the quality
data taken to compute the singular components. For a medium resolution model usin
UD kernel to approximate (19), taking the NCEP reanalysis data to compute the sing
components, it takes less than 30 iterations to achieve an asymptotic convergence ra
10710,

2.10. Sardeshmukh-Liebmann’s Scheme

Sardeshmukh and Liebmann [12] developed an iterative scheme, hereafter referred
SL93, for solving ay problem. The scheme is adapted here to solve the LBE in terms
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the vorticity coefficients
MY = ¢ 4 24V 2IV. uVeR™)}, (20)

whereR is the residual of the LBEN)] is the iteration indexy is the iteration step, arglis

a latitudinal weight function, A2 + w3). In our implementation of the method = 0.4
anduo = 0.6 were chosen, and the initial vorticity field was set to zero everywhere. Wh
¢™ andR™ are properly truncated in each iteration, the scheme will perform equivalen
to solve the three types of kernel systems, except for sokyingan UD system (15). There
is no proper way of including the first symmetric modes_3P in such a case.

The iterative scheme may suffer from poor convergence when the kernel system is
We found that the convergence rate, which is measured in terra€oP — ¢ ™)|2/|c ™2,
generally reaches 16 within 300 iterations. However, to obtain a converggdsolution
that can be judged as numerically equal to the one obtained from the direct FD solve
required more than 4800 iterations at triangular truncation T16. These converged solut
are substantially different from the quasi-converged solutions obtained within 300 iteratic

The numerically “exact” solutions can be obtained only when the kernel equations
of either FD or UD type. The converged solution for an OD system generally results i
nonzero residual. Furthermore, the converged solution for an UD system shall be vie\
as one of the infinitely many solutions that is attainable by the numerical scheme.

3. RESULTS

3.1. Calculations with the NCEP/NCAR Reanalysis Data

Calculations for the balanced winds were made with the reanalysis data obtained fi
the NCEP/NCAR 40-year reanalysis project (Kalmeyal.[9]).

The reanalysis data (T62, 28 sigma levels) for September 1987 were taken to comput
LBE and the vorticity budget equation in the sigma coordinates using the spectral transf
method (Machenhauer [20]) and the results, along with the wind data, were filtered to
desired truncations. In the present study, we retrieve vorticity fields on sighi2b1 for
00Z September 1 and divergence fields on sign@al326 for the monthly mean. Only
the nonzonal components of the retrievals are discussed here, although a full spectrt
needed to compute the divergence retrievals.

In the conventional triangular truncation, the number of ordinal modes alternates betw
even and odd as the longitudinal wave numiperificreases. For the purpose of illustrating
the present numerical methods, we designate four truncation systems such that the
modes for eacmare all either symmetric (as odd truncation, namely, OT32 and OT16)
antisymmetric (as even truncation, namely, ET32 and ET16). We also denote the inv
methods as FD, OD, and UD retrievers, respectively, in accordance with the determin
of the kernel systems. Two retrievers using the least-squares UD systems (9) and |
denoted by UD1 and UD2, respectively, were tested. The UD retrievers that include sing
components are designated_as Ufyfd UD2 For a given truncation, a complete global
retrieval of vorticity is made from a collection @f/¢, retrievals by one of the following
combinatory retrievers: FD/FD, UD1/OD, UD1/UD1, UD2/UD2, etc. The above notatior
are adapted for the divergence retrievals, despite the fact that the contributirsdb,
are combined before updating the corrector in each iteration (19).
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From the retrieved vorticity or divergence coefficients, the corresponding wind fields we
computed using the same assumed spectral truncations. The longitudinal RMS differel
between the retrieval and reanalysis wind vectors, calied misfits were then evaluated.
In addition, the advective terms were recalculated which yieldeddation residualsr
sometimes calledynamics misfitdt will become evident later that wind misfits to a great
extent measure the responses of tropical singularities, while dynamics misfits manifest
over- or underdeterminacy in the system.

3.2. Retrievals for Vorticity

Figure 1 shows the degrees of imbalance associated with the LBE in OT16, in RI
differences of the two sides of the equation. It reveals that the relative imbalance is genet
less than 20% in the middle and high latitudes and less than 40% in the tropics. Here
imbalance is due in part to the “model error” of using the LBE as a diagnostic model anc
partto the “measurement errors” from all sources. Figure 1 also shows that a large differe
between the ET16 and OT16 analyses on the RHS exists due to the offsets between the
truncation limits. This suggests that the retrievals based upon T16 may be sensitive
the imposed end-mode conditions; i&.;1 = 0. In addition, the RMS equation residuals
(denoted by “res”) resulting from the UD2/UDghd UD1/OD retrievers are included in
Fig. 1, which will be discussed shortly.

Imbalance of the LBE

5
| vooo RHS OT16 :

4.5. ......................................................................................
' -ﬁao LHSEOT16 : :

4 : A.RHS;__LHS_OT“IGMU : ........
: : RHS ET16 \ b

3.5 : % e e PN L - S N

res UD1/0D g

v--res.@Uszuoz ...... o

254 A 7 ............... ............... ....... ,,,,,,,,,,,

Tendency (107° s72)

osdl e G B L L
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60S 308 EQ 30N 60N
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FIG. 1. Imbalance calculations for the linear balance equation in OT16 and ET16 using the NCEP/NCAR
analysis data. The two curves labeled as “res” are the residuals resulting from the UD1/OD and UD2f|gXs.
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Vortnmty Retrlevals in T16
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FIG.2. Root-mean-squares of the reanalysis wind and wind misfits in OT16 and ET16 resulting from varic
combinatory retrievers fafs/¢a.

Figure 2 shows the wind misfits resulting from various combinatory retrievers fof.
Note that while the FD/FD retrievers are used for the ET16 runs, the rest are used for
OT16 runs. It reveals that in the middle and high latitudes, the relative wind misfits ¢
comparable to the relative imbalance of the LBE mentioned previously. However, in 1
tropics there is a wide range of misfits resulting from different retrieving schemes. N
surprisingly, the greatest relative wind misfit, higher than 300%, was obtained in the FD/
retrievals. This is caused by the exceedingly large retrieved wind speeds in respons
tropical singularities.

We have run an experiment on the “energy spill” phenomenon (discussed in Section .
by increasing the resolution fgg to ET32, while holding the resolution fgis unchanged
in ET16. Consistent with the finding of Daley [5, 6], the wind misfitstyncrease, while
the misfits byzs are invariant with the enhanced resolutions.

The wind misfits resulting from the UD1/OD retrievers are nearly equal to those from t
SL93 scheme; hence only one is shown. It can be demonstrated that the small differe
between the two lie in thgg components due to the fact that the solutions for the UD kerne
attained by the SL93 scheme are not in a minimum length.

The singularity responses in the UD1/OD retrievals are moderate in comparis
to the FD/FD retrievals. By omitting the singular mode contributions, the UD1/UD
and UD2/UD2 retrievers considerably reduce the wind misfits. Including the singul
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reanalysis

180 120W 60w 60E 120€ 180

FIG. 3. Stream function fields in OT16 resulting from the NCEP/NCAR reanalysis and various combinata
retrievers forgs/ ¢a.

components, the UD2/UDt&trievers further reduce the relative wind misfit down to 30%
in the tropics, which is in the same order of magnitude as the relative imbalance of the L
discussed previously.

Figure 3 displays the two-dimensiongalfields obtained from the reanalysis and various
retrievals. Itis seen that the UD1/OD retrievals consist of several spurious, intense syna
features not present in the reanalysis. The strong dipoles along the equator between
and 60W are equivalent to the strong parings of convergence and divergence in the solu
of a x problem described in Mo and Rasmusson [13]. This peculiar feature is induced
the end-mode conditions assumed in the OD retriever.

Omitting the singular mode contributions, the UD2/UD?2 retrievers result in a relative
featurelesg/ field, reminiscent of a linear interpolation across the equator. Adding the si
gular components, the UD2/UD®trievers bring about a closer resemblance to the reanc
ysis wind field. However, the geostrophic balance condition associated with the UD2/U
retrievals is actually degraded in some regions of the tropics, as discussed next.

3.3. Equation Residuals

The FD retrievals satisfy exactly the model equation; therefore no residual results. T
residuals generally result in the OD retrievals because of the end-mode conditions invol
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FIG. 4. Imbalances of the LBE in OT16 resulting from the NCEP/NCAR reanalysis and various combinatc
retrievers forgs/ ¢a.

The UD retrievals also satisfy exactly the corresponding kernels. However, a “pseudo re
ual” results when the residual calculations dueganclude the first ordinal modes ap,
which were excluded in the formulation of the kernel systems (15). There is no psel
residual that results when using an UD retrievergdorWe shall take pseudo residuals in
the UD retrievals and regular residuals in other retrievals to compare how well the retrie
winds satisfy the balance condition.

Figure 4 compares the two-dimensional distributions of the residuals resulting from
OT16 runs. Here, only the symmetric components are displayed. Residuals are gene
small in the high latitudes; hence they are not shown.

The residuals from the UD1/OD retrievers (due only to OD part) are characterized b
train of modulated small cells along the equator, with a latitudinal scale roughly in proporti
to the truncated ordinal wavelength. In the present case, the magnitudes are generally |
than the observed imbalance of the equation withinith®® latitude band (see also Fig. 1).
The residuals from the iterative scheme (not shown) are nearly identical to the UD1/
retrievers except for a slightly larger magnitude in the higher latitudes.

The pseudo residuals from the UD2/UD2 retrievers are characterized by a cluste
tropical cells near Africa and South America, with latitudinal length scales correspondi
to the first ordinal wave numbers. The magnitudes are typically smaller than the obsel
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imbalance of the LBE (see also Fig. 1). When the singular components are added into
retrievals, the resulting pseudo residuals are reduced in some regions while increase
others. The high residual region betweer\80and 60E may be attributed to a relatively
poor balance condition existing in the mid-latitudes. It appears that including the rear
ysis wind data does not improve the accuracy of the retrievals, in terms of the degres
geostrophy, beyond the limit inherent in the data.

3.4. Divergence Retrievals for a Problem

Figure 5 shows the degree of imbalance in the vorticity budget calculations based u
the reanalysis data. The LHS represents the absolute vorticity stretching term, while
RHS represents the sum of the rest of terms in the budget equation and is denote
“source term”B in (19) for the preseng problem. The source term and stretching term
are nearly equal in magnitude; both possess a minimum near the equator and peaks i
subtropics. However, the RMS differences of these two terms (i.e., imbalance) gener
exceed 20% of the individual terms, except for the northern hemispheric subtropics.
the tropics, the imbalance exceeds 50%, which is worse than the imbalance of the L
indicated in Fig. 1. The imbalance in the budget calculations may be attributed to f
“systematic errors” (Kanamitsu and Saha [21]) in the forecast model used for the 4-D d

Imbolonce of the Vort|C|ty Budget

2

oooo RHS OT16
I T i;;l”LHé”bfié”f _____________________ |
w6 E'H—'—*"‘RHS —LHS- OT16 ........ o . U .............
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Tendency (10~ s-2)
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FIG. 5. Imbalance calculations for the vorticity budget equation in OT16 using the NCEP/NCAR reanalys
data. Two curves labeled as “res” are the residuals resulting from the UD2#if&ers and the SL93 scheme.
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FIG. 6. Root-mean-squares of the reanalysis divergence and divergence misfits in OT16 resulting from
UD2/UD2retrievers and the SL93 scheme.

assimilation, in addition to the differences arising from the ways of computing the individt
tendency terms. However, owing to the monthly averaging that cancels the small scales
transient disturbances there is no evident offset between the OT16 and ET16 analyses
shown). This implies that the divergence retrievals will be less sensitive to the end-m
conditions than the vorticity retrievals shown previously. Figure 5 also shows the RN
equation residuals resulting from the UD2/UBZrievers and the SL93 scheme, which will
be discussed shortly.

In contrast to the LBE, the reanalysis divergences are relatively strong in the tror
(Fig. 6) in spite of a minimal vorticity tendency occurring there. We present only tw
divergence misfits (computed in the same way as wind misfits) obtained from the UD2/U
retrievers and the SL93 scheme. All the other retrievers mentioned in the previous sec
result in a misfit too large to be desirable. Clearly, the UD2/U&®#ievers outperform the
SL93 scheme in reducing the relative divergence misfits itH2@ latitude band to a level
that is comparable to the relative imbalance in the vorticity budget shown in Fig. 5. Near
poles, however, both methods give rise to a high divergence misfit relative to the reanaly

Figure 7 displays the divergence fields obtained from the reanalysis and retrieval
OT16. As expected, the UD2/UD2trievals show a fair resemblance with the reanalysi
divergences, including the ITCZ in the Indian and western Pacific oceans. The SL93 sch
results in several spurious, intense synoptic features not present in the reanalysis.
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reanalysis

FIG. 7. Divergence fields in OT16 resulting from the NCEP/NCAR reanalysis, the UD2#gbi2vers, and
the SL93 scheme.

The resulting residuals (Fig. 8) share the same characteristics asyréigevals. The
pseudo residuals resulting from the UD2/UD&rievers are spread over the subtropics
while the residuals from the SL93 scheme are confined near the equator. The locatior
which large residuals occur are considerably different between these two retrieving schel
except in the western Pacific. As shown in Fig. 5, the two RMS residuals are both sma
than the relative imbalance of the vorticity equation.

4. DISCUSSION

4.1. The Existence of Tropical Singularities

The linear balance equation inherits the tropical singularities from the geostrophic eq
tions in which the singularities associated with the antisymmetric patsaofdv cannot
be removed unless corrections are made to the nonzgaald to the north—south gradient
of the totalg,, respectively. The observegfields generally do not satisfy the singularity
removal conditions; hence the linearly balanced wind is theoretically infinite at the equal
In this paper, we have examined the responses of tropical singularities as a functiol
spectral truncations.

Observations and assimilated data are subject to errors and the balance equation
merely an approximation. To make use of the balance equations for diagnostic purpose
shalltreat the equations as an inverse model, assuming that the singularities are removal
allowing a minimal adjustment to the source functions. In the case of LBE, we are retrievi
the componentsf rotational winds that are geostrophicaligst fitwith the mass field. In
the case of ther problem, we are retrieving theomponent®f divergent winds that are
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Residual of the Vort|C|ty Budget (10

reanalysis

FIG. 8. Imbalances of the vorticity budget equation in OT16 resulting from the NCEP/NCAR reanalysis, t
UD2/UD2 retrievers, and the SL93 scheme.

guasi-geostrophicalligest fitwith the vorticity tendencies. At the same time, the retrieval:
are constrained to be least singular and to deviate minimally from the observational da
hand.

4.2. Singularity Responses as a Function of Truncations

Formulating the spectral LBE in a FD system is undoubtedly the most authentic way
demonstrating the existence of tropical singularities. The effects of tropical singularities
manifested in the energy spill phenomenon. The FD retrievals are exact and no dyne
misfit results, but the information obtained is useless in practice.

The OD retrievers reduce the singularity responses, but generally result in a non:
residual. Depending upon the resolution that would affect the validity of the end-mode ¢
ditions, the resulting residuals may be large in comparison with the preestimated imbale
of the LBE.

The UD retrievers yield balanced rotational winds that are less singular and more reali
than those yielded by the FD and OD retrievers. Two possible explanations come to min
to why the UD retrievals seem to be most desirable. First, the UD retrievers do not asst
the end-mode conditions as the other two retrievers do, an attribute which is clearly
acceptable inthe present T16 model. Second, the UD retrievers allow a partition of princ
and singular components for better controlling the responses of singularities.

When the singular components are prescribed on the basis of the reanalysis winds w
pose no singularity, the retrieved winds in the tropics conform more with the observat
as expected. However, including the singular components does not improve the accu
of the retrievals in terms of the required balance condition beyond the limit inherent in 1
reanalysis winds.
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4.3. Properties of the SL93 Scheme

The fact that the vorticity retrievals from the SL93 scheme are identical to the FD/F
retrievers in the ET runs, while nearly identical with the UD1/OD retrievers in the OT run
allows one to interpret the numerical properties associated with the SL93 scheme.

First, equation residuals are a byproduct of least-squares approximations when sol
an OD system. They are independent of how the equation system is solved. The resic
shown in Sardeshmukh and Liebmann [12] are primarily a result of using the conventio
triangular truncations in which one quarter of the linear systems are of OD type due to ¢
truncations. However, before the iterations are fully converged, a portion of residuals mi
originate from another quarter of the linear systems {foands,) which are of FD type
due to even truncations.

Second, any numerical method of solving an UD system requires a procedure of de
mining the singular-component contributions (or homogeneous solutions), either explic
or implicitly. Through the intrinsic numerical computations, the SL93 scheme might ha
converged to a nonzero singular-component solution in a way different from what w
implemented in the present UD retrievers.

4.4. Optimal Spectral Resolutions

We have made two high-resolution calculations for the vorticity retrievals in ET32 a
OT32. Theresponses of tropical singularities, as measured by the wind and dynamics mi
are greater in magnitude and shorter in length scale than those from the ET16 and C
runs, respectively. This can be attributed to the fact that the smallest nonzero eigenv
decreases as the resolvable length scale decreases.

The optimal resolutions for retrieving the balanced winds appear to be between 1
and T18. High-resolution models tend to be not only subject to a higher degree of d
contamination, but also more susceptible to the singularities. Low-resolution models,
the other hand, not only lack sufficient mode-to-mode couplings, but also are more lik
to violate the end-mode conditions assumed in the FD and OD formulations.

4.5. Singular Components in the Divergence Retrievals

In the present study, the singular components are prescribed based upon a least-s
fitting of the reanalysis wind data on the predetermined singular eigenmodes which
characterized by a peak(s) of normalized amplitude in the tropics. In the case of vortic
retrievals, the singular contributions are negligibly small (less than 3% of the global me:
due to the fact that the reanalysis vorticity distribution is highly orthogonal to the singul
eigenfunction. The resulting well-fitting retrievals reflect the fact that NCEP uses the LE
as a constraint in its SSI data assimilation technique (Parrish and Derber [22].)

In contrast, the reanalysis divergence field exhibits a widespread, intense circulation|
tern in the tropics as well as in the northern hemispheric subtropics. Thus, both symme
and antisymmetric parts of the singular components play an important role in determin
the divergence retrievals over the entire globe. Note that the actual impacts of the |
scribed singular components are more complicated than the vorticity retrievals, due to
nonlinear interactions with the existing vorticity field during the functional iteration proce
dure. Without singular components, the resulting divergence and dynamics misfits wo
be unacceptably large.
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In the future, the singular components for the divergence retrievals would be compt
based upon the projection of a different estimate of divergence field that is less depen
upon the reanalysis data and the physics parameterizations therein. We are in the proc
developing a variational approach to compute a vertical divergence profile which best
the satellite’s derived diabatic heating subject to various vertical integral constraints s
as conservation of mass (as in O’'Brien [15]), humidity, etc. The new divergence retriev
would then incorporate the information on the tropical convective heating, in addition
the nonlinear vorticity interaction.

5. CONCLUSIONS

The fact that the balance equations can be mathematically singular at or near the eq
has long been recognized. A legitimate and perhaps more constructive and challen
guestion to ask is whether the singularity is removable and how to obtain a physic:
meaningful retrieval. In this paper, we retrieve the two kinds of balanced winds in the sa
generalized inverse problem. Our goal is to retrieve a balanced wind which best fits
observed wind while maintaining a weak constraint with the required balance conditior

To facilitate a better understanding of the present inverse method, the retrievals w
obtained by the generalized inverses of the kernel systems, which can be FD, OD, or
depending upon how the spectral series are truncated.

The FD retrievers give rise to the strongest response to the tropical singularities. Altho
the retrieved winds exactly satisfy the LBE, they are not realistic and the information ¢
tained is useless in practice. The OD retrievers significantly reduce the singularity respol
but may induce a relatively large residual depending upon the resolution and quality of c
that define the source function. The UD retrievers yield no response to the singulari
but result in a pseudo residual. The UD retrievals are not unique; they vary depending
whether the eigenmodes include a scale-dependent weight and the quality of data us
compute the singular components. In this paper, we prescribed the singular compor
based upon the reanalysis wind data.

Realistic balanced winds along with small pseudo residuals are generally obtainabls
the UD2 retrievers when an intermediate spectral resolution (T12-T18) is used and
singular components are included.

The usefulness of the wind retrievals from the balance models depends on the met
ology selected to optimally control the effects of tropical singularities and to reduce t
resulting residuals at the same time. Our numerical approach, which incorporates the ge
alized inversion techniques, illuminates the fundamental nature of the problem and prov
a guideline for future improvements.

APPENDIX A

Variational Analyses for the Constrained Linear Inversion

The constrained linear inversion (e.g., Twomey [16]) seeks, among all possible soluti
of ¢ that minimizes the error of the LBE, the smoothest one as measured by its variat
The variational equation reads:

5 / (V- uV¥ — 2+ yy2)dadu = O, (A1)
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wherey is an undetermined Lagrangian multiplier. Whers set to zero, i.e., as a honcon-
strained linear inverse problem, the above variational equation reduces to the least-sqt
formulation of Baer [3].

In this paper we adapt a variant of the constrained linear inversion model with the smoc
ness of the solutions measured in terms of enstrophy, namely,

5 / (V- 1V — @) + ye?)didu = 0, (A2)

Upon expanding the dependent variables in a series of spherical harmonic functic
employing the recursion relations of the associated Legendre polynomials as well as
spectral relation betweef and¢, we rewrite the above variational equation for giveas

J J 2 J 2
6/{<Z§1Hj+2quj> +7/(Z§'J‘Pj> }d[,L:O, (A3)
j=0 j=0 j=0
where
Hj = aj Pj_1 + bj P41, (A4)

with a; andb; defined in (6) and (7). The outcome of the minimization procedure yields tt
traditional Galerkin formulation (e.g., Fletcher [23]), with the weight functidnchosen
from the same family (as linear combinations) of the trial funcfynAfter evaluating the
normalization integrals, the following system of normal equations emerges:

ajbj_a¢j—2 + (& + b +¥)¢j +aj2bj¢j 2 = (@01 + bjdj ). (A5)

Itis important to note that the above system of equations is valid pptal — 1. The last
equation in each linear system governing, and¢; would vary depending upon the choice
of truncation that definebl;. In the case of even truncatiop;, = O due to the truncation
limit. Then, the equation af = J reduces to the same form as the kernel equation (4
assuming/= 0.

If the variational equation in (A1) is used, then the normal equations are

aibj 2y 2+ (8 + 0} — vy ) +&j12bj¥j2 = —@0j_1 + Digj). (A6

whered; = ajc; andb; = bjc;. The above equation is identical with (20) of Baer [3] when
vy 1S setto zero.
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